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S o lu t io n s t o F ir s t E x a m in a t io n , F a ll 2 0 0 0

(1 ) Gauss's theorem is I
D ¢ d S =

Z
divD d V

but divD = ½ , therefore I
D ¢ d S =

Z
½ d V = Q :

This is Gauss's Law
Erect a small Gaussian box with face area ¢ S in the b oundary of the conductor, the normal
component of E ( E n ) is zero on the conductor side. Therefore, application of Gauss's law
gives I

D ¢ d S = ²E n ¢ S = ½ s ¢ S ;

which gives

E =
½ s

²
n̂ :

At 0. 5m D n = ²0 ² r E n , so E n = ½ s = ( ²o ²r ) ; which gives E n =1 1 . 29 V/m
At 2m, D n = ² 0 E n , so E n = ½ s = ²o ; which gives E n =1 12. 9V/m.

(2) Distances from each charge to P are: r A P =
p

1 7; r B P =
p

5; r C P =
p

8.
The potential at P relative to V=0 at 1 is

V P =
X

i= A ;B ;C

Q i

4¼ ² 0 r iP
= 23:94V :

The potential at P if V at 1 is 3V is 3V higher than this 26. 94V.

The distances of the three charges from (0, 0,0) are r A 0 =
p

14; r B 0 =
p

1 4; and r C 0 =
p

3.
Therefore relative to V=0 at 1 , V(0,0, 0) is

V (0; 0; 0) =
X

i= A ;B ;C

Q i

4¼ ²0 r i0
= 48:33V :

Therefore, relative to V=0 at (0, 0,0) V P =23. 94-48. 33=-24. 39V.

(3)

C =
Q

V
=

R
½ s d S

¡
R2

1 E ¢ d l
:

Between the spheres draw an imaginary Gaussian spherical surface and integrate to ¯nd
radial ¯eld.

E r =
Q

4¼ ² 0 ²r r 2
d r :



Between inner sphere and surface of dielectric coating

V 1 2 = ¡
Z 2

1

Q

4¼ ²0 ²r r 2
d r =

1 03 Q

80¼ ² 0
:

Between outer surface of dielectric layer and outer sphere

V 2 3 = ¡
Z 2

4

Q

4¼ ²0 r 2
d r =

1 03 Q

1 6¼ ²0
:

The arrangement is equivalent to two capacitors in series, C 1 and C 2 . C 1 = 80¼ ²0 = 1 03 ,
C 2 = 1 6¼ ²0 = 103 : Overall C = 40¼ ²= (3:1 03 ) =0. 371 pF.

The force is the same as for two charges + Q and ¡ Q spaced 4mm apart:

F =
106 Q 2

64¼ ²0
:

If you want to you can calculate stored energy U and evaluate ¡ d U = d r .

(4) Use method of images. Put extra charge of -1 C at (1 ,1 , -1 ) and 1 C at (-1 ,-1 , -1 ) . At point
(1 ,1 , 0) the distances to the four charges are 1 , 1, 3, and 3. The ¯elds from the charges at
(1 ,1 , 1 ) and (1 ,1 , -1 ) add up and act normal to the surface plane of the conductor. The
charges at (-1 , -1 ,1 ) and (-1 , -1 ,-1) are equal but they act at an angle to the surface with
cos( µ ) = 1 = 3.
At (1, 1 , 0) the normal E ¯eld is

E n = ¡
¡ 2

4¼ ² 0
¡ 2 cos( µ )

1 8¼ ² 0

¢
;

which gives

E n =
¡ 1 3

27¼ ²0
:

this ¯eld acts in the ¡ z direction. The surface charge density at (1 , 1 ,0) is ½ s = ²0 E n =
¡ 1 3= 27¼ C = m 2 At (-1 ,1 , 0) the surface charge density is 1 3= 27¼ C = m 2

At (0, 0, 0) there is no E n , so ½ s = 0.


